Recorded surface waves often provide reasonable estimates of the S-wave velocity in the near surface. However, existing algorithms are mainly based on the 1D layered-model assumption and require picking the dispersion curves either automatically or manually. We propose a wave-equation based inversion algorithm that inverts for S-wave velocities using fundamental-and higher-modes Rayleigh waves without picking an explicit dispersion curve.
INTRODUCTION
Surface waves are usually considered as a nuisance to the conventional seismic processing of land data. However, such a nuisance actually includes high-quality information for S-wave velocity estimation in the near surface. Based on the complexity of the S-wave velocity variations, Rayleigh wave inversion methods fall into three categories: First, 1D inversion methods, which are usually based on semi-analytical solutions to approximate the elastic wave equation solutions (Nazarian et al., 1983; Xia et al., 2004; Lin et al., 2007; Maraschini et al., 2010; Milana et al., 2014) and stochastic inversion using elastic wave equation solutions (Feng et al., 2005; Dong et al., 2014) . Limited by the simplified physics to make the computation affordable, the inversion results are limited to 1D layered models. Second, 2D inversion using the fundamental mode. Among such methods are the wave equation dispersion-curve based inversion (Zhang et al., 2015 (Zhang et al., , 2016 Li et al., 2016; Lu et al., 2017) .
In practice, the automatically picked dispersion curves are limited to the fundamental mode of Rayleigh waves, and thus, the application of this method is limited to the S-wave velocities with positive gradients in depth. Finally, Elastic full waveform inversion (FWI). Full waveform inversion aims to match the waveform of Rayleigh waves and can invert for complex models (Solano et al., 2013; Groos et al., 2014; Pérez Solano et al., 2014; Yuan et al., 2015; Masoni et al., 2016) . However, the method requires good initial models to avoid cycle skipping, which is usually not affordable in practice (Virieux and Operto, 2009; Liu et al., 2018) . The 1D inversion scheme can be robust and efficient, but it is less accurate as the lateral variation in the subsurface could be large. In contrast, elastic FWI is less efficient and sensitive to simplified physics used in wavefield extrapolation (Zhang et al., 2014) , but it is able to invert for complex models. Among all these methods, the wave-equation dispersion inversion method is a compromise between the 1D inversion scheme and the waveform 3 inversion.
Instead of fitting complex waveforms, the wave-equation dispersion inversion method (also known as skeletonized inversion) aims to match the frequency-dependent phase velocities of Rayleigh waves. It has a more quasi-linear relationship between the S-wave velocity and the dispersion curve and has a less bumpy misfit function than that corresponding to waveform inversion (Zhang et al., 2016) . However, the previously proposed wave-equation inversion algorithms highly depend on the automatic picking of the dispersion curves from the f − v spectrum. Although automatic picking is often applied to the predicted data, in which case the approach is stable, it inevitably ignores the higher-mode Rayleigh waves and therefore, cannot handle models with low-velocity layers below high-velocity ones (velocity reversal). The generation of higher modes is often attributed to the presence of low S-wave velocity layers (STOKOE II, 1994) , and thus, such low velocity (or velocity reversal) cannot be recovered without inverting such modes. Besides, high-mode Rayleigh waves penetrate deeper than its fundamental mode and can increase the resolution of the estimated S-wave velocities (Xia et al., 2003; Beaty and Schmitt, 2003; Luo et al., 2007) .
In this paper, we adopt a wave equation dispersion inversion method to include the fundamental-and higher-modes Rayleigh waves. f − v spectra instead of the dispersion curves are used as input data, which avoids the picking process. A local-similarity based objective function is introduced to measure the similarity of the observed and predicted f − v spectra. The f − v spectrum is calculated using the linear Radon transform (Luo et al., 2008) . This paper has five sections. After the introduction, we introduce a novel objective function and solve the optimization problem. In the examples, we first illustrate the synthetic case with S-wave velocity reversal and lateral variation, then apply the method to the field data set collected across the Qademah faults in Saudi Arabia. The proposed 4 method applies to more general inverse problems and also has effectiveness and limitations as discussed in the discussion. At last, we summarize our work and draw conclusions.
THEORY
The basic concept of the wave-equation dispersion curve inversion is illustrated in Figure   1 (Zhang et al., 2016) . Specifically, Figure 1a shows a number of Rayleigh-wave cycles in traces and so the waveform-fitting measurement for such data is expected to be cycleskipped when the initial model is far from the actual one. Therefore, we should look for simpler data representations, which preserve the vital attributes but have fewer cycles. One such reduction is to use the frequency-dependent phase velocities, C(ω) = ω/k(ω), for the fundamental-mode Rayleigh waves as shown in Figure 1b to estimate S-wave velocities. The explicit dispersion curve is identified by the maximum amplitudes with the closet proximity to the wavenumber axis in the ω−k spectrum as shown in Figure 1c . However, automatically picking such a stationary curve is not easy for noisy data and current automatic picking methods ignore the weaker higher-order dispersion modes. Utilizing dispersion spectra under the framework of FWI can mimic the goal of using all dispersion modes without picking. However, we need to find a better inversion scheme that can suppress cycle skipping often faced by conventional FWI.
Objective functions for FWI intend to measure the differences in the observed and predicted data. One of the most intuitive mismatch measurements is the L 2 norm distance, which is given by
where d p (m) and d o (m) are predicted and observed data, respectively.
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The inverse problem is constrained by the elastic wave equation given by
where Ψ = (v 1 , v 2 , v 3 , σ 1 , σ 2 , σ 3 , σ 4 , σ 5 , σ 6 ) T is the vector containing three particle velocities and six stresses in different directions as noted by the numbers, E denotes spatialdifferentiation operators, I 3 is a 3 by 3 identity matrix. C represents the stiffness matrix and s denotes the point source used for modeling.
Due to the oscillatory nature of seismic waves, the L 2 norm objective function suffers from cycle skipping when the mismatches between the predicted and observed data exceed a half cycle. A natural remedy to this problem is to compare two events within a predefined extension (Fomel, 2007) . We propose a local-similarity based objective function replacing the L 2 norm based objective function, which is given by
where C 2 w (f, v, f ) denotes the local-crosscorrelation of predicted and observed f −v spectra.
f denotes frequency extensions. s and r are source and receivers, respectively. W (f ) is a polynomial-type weighting function, which satisfies the following boundary conditions:
Compared with the widely used linear or Gaussian penalties, the proposed penalty function only needs the maximum extension (f )
as an input parameter and thus is much easier to use (Zhang et al., 2018) .
The local-crosscorrelation admits frequency-dependent similarities instead of a single value often admitted by the global-crosscorrelation (Zhang and Alkhalifah, 2018 This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
© 2019 Society of Exploration Geophysicists.
product.
The f − v spectrum is calculated using a linear Radon transform (Luo et al., 2008) .
After a temporal Fourier transform of the shot gather, the linear Radon transform can be calculated for each temporal frequency component f as:
and its adjoint form is given by
dv.
The gradient for S-wave velocity updating with respect to the objective function can be calculated by the chain rule, which is
∂m , where This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. © 2019 Society of Exploration Geophysicists.
proposed objective function would be (Solano et al., 2013; Zhang et al., 2018) 
and ∂φ(m)
By cross correlating of the forward-propagated source wavefield and the backwardpropagated adjoint-source (equations 8 and 9) wavefield, we can obtain the gradient of the objective function. S-wave velocity is iteratively updated using the Limited-memory
Broyden-Fletcher-Goldfarb-Shanno (lBFGS) optimization scheme (Liu and Nocedal, 1989) , which can be written as
where H −1 denotes the inverse Hessian which is approximated by the finite-difference scheme in lBFGS and α is the step length used for S-wave velocity updates.
In summary, the proposed inversion method has three main steps:
1. Fourier transform of common shot gathers in time.
2. Calculate the corresponding f − v spectrum (equation 6).
3. Solve the optimization problem using equations 3 and 10.
The implementation of the dispersion spectrum inversion is straightforward. The linearradon transform enhances the signal-to-noise ratio (SNR) of the surface waves, and thus, This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
only a few preprocessing steps are needed. The benefits of the approach are: 1) No need to pick dispersion curves; 2) More wave modes (if they exist) are included in the inversion, which can handle velocity reversals and provide a better estimation of the subsurface.
NUMERICAL EXAMPLES
We use both synthetic and field data examples to test our proposed method. The P-wave velocity and density used for synthetic examples are layered models as shown in Figures   2a and 2b, respectively. We use the true density model for inversion, but the P-wave velocity used for the inversion is 10% lower or higher than its actual value in the synthetic case. The input P-wave velocity used for field data is a linearly increasing one. Initial This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. © 2019 Society of Exploration Geophysicists.
by the observed dispersion spectrum shown in Figure 3k . We conduct three experiments which are 1) using the actual P-wave velocity, 2) a 10% lower one and 3) a 10% higher one as input P-wave velocities. The inverted S-wave velocities are shown in Figures 3c, 3d and 3e, respectively. The horizontal-component common-shot-gathers ( 
Synthetic S-wave velocity with lateral variations
Considering practical applications, the proposed method should be able to invert lateral inhomogeneities. We use a checkerboard model to verify its effectiveness. The actual S-wave velocity in Figure 5a has both lateral variations and depth reversals. The same observation geometry and parameters are used as in the first example. We use a linear-gradient initial S-wave velocity ( Figure 5b ) and an inaccurate P-wave velocity (90%) to obtain the updated model shown in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
© 2019 Society of Exploration Geophysicists. norm based inversion fails to match the observed data (as shown in Figure 6e ) so does the dispersion spectrum indicate (Figure 6h ). However, both the CSGs and the dispersion spectrum (Figures 6f and 6i ) from the proposed inversion are closer to the observed ones than the conventional L 2 norm based inversion. The proposed inversion is not perfect due to the insufficient illumination at the deep part and also considering the acquisition boundaries.
To further improve the inverted velocity, we add a total variation (TV) constraint to the inverted model as suggested by Guitton (2012) and Alkhalifah et al. (2018) . Figure 7a shows the improved estimation which has a much better recovery for the deep layer. Both velocity as input in order to allow us to conduct the conventional elastic FWI, which is more sensitive to the P-wave velocity than the proposed approach. Figure 8 shows three vertical profiles at different lateral locations (yellow triangles in Figure 5a ). We can find that by either using a better initial model (linear gradient) or using a bad initial one (constant), but with TV constraints; our proposed method can obtain similar inversion results.
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Field data example
A seismic land survey (blue line marked P-2 in Figure 9 ) was acquired across the Qademah fault near the Red Sea coast in Saudi Arabia, and we show a representative shot gather in Figure 10a . It is preprocessed by adding a soft-muting window to the raw data set and applying a bandpass filter. Besides, a time-squared gain is applied as suggested by Claerbout The estimated S-wave velocity is plotted in Figure 11b . There are some low-velocity zones as expected since the line is across the fault area and these low-velocity zones cannot be recovered using only fundamental-mode dispersion. As a quality control, we also plot the predicted data from the initial and inverted S-wave velocities and their f − v spectra in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
compare the results to those attained by Li et al. (2016) of the same line, where they picked the fundamental mode and derived the gradient use the connective function. Our inverted result tends to have a higher resolution, especially in the shallow area, which is expected by utilizing the higher modes (Xia et al., 2004) . Besides, we do not need to pick the dispersion mode and the implementation can be easily done by modifying the objective function and the corresponding adjoint-source of the conventional elastic full waveform inversion code.
DISCUSSIONS
The proposed inversion algorithm can solve general inverse problems. It is also applicable to global-size problems, where the multi-channel seismic data are replaced by the often sparsely placed seismograms. Considering the difference in the coverage used for regional and global seismology, the calculation of dispersion spectrum might be different. The 3D application of the proposed method is also possible. We might need to treat the 3D data volume as several 2D slices and calculate the dispersion spectrum using existing approaches such as the linear Radon transform. It is also possible to obtain a 3D dispersion spectrum and use the same inversion strategy in this paper, which will require more investigation.
The proposed method is not limited to Rayleigh waves dispersion inversion. It also applies to other dispersive waves, which have a liner moveout. For example, Love waves also could be used in the proposed inversion (Dokter et al., 2017) . The proposed method also has the potential to estimate the anisotropy of the near-surface using the difference in dispersion spectra in the inline and crossline directions.
The applications to synthetic and real data highlight the advantages and limitations of the method. The proposed method can use poor initial models for inversion. Total-variation constraints help recover full-wavenumber components which are usually unavailable with 13 This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. © 2019 Society of Exploration Geophysicists.
band-limited seismic data and space-limited acquisitions (Guitton, 2012; Alkhalifah et al., 2018) . The linear stacking can suppress some random noise in the field data, but it can also lower the lateral resolution. The offset range used for stacking can change the lateral resolution. The optimal stacking range might depend on the data and the target area. Also, there are other techniques available to improve the resolution of the f − v spectrum (Zheng and Hu, 2017). The computational cost of the proposed method can be equivalent to the regular elastic FWI using a single frequency band.
CONCLUSIONS
We present a multidimensional S-wave velocity estimation method associated with Rayleigh waves based on the elastic wave equation. The main benefits of the proposed method are that it includes the fundamental-and higher-modes (if they exist), we do not need to pick dispersion curves and it suppresses cycle-skipping problems associated with FWI of complex surface waves. Higher modes in the f − v spectrum help increase the penetration depth and resolution in estimating the model and they're necessary for inverting for Swave low-velocity layers. The proposed method is insensitive to random noise and P-waves in the observed data since the linear Radon transform enhances the surface waves with linear moveout. Inaccurate P-wave velocities have limited influence on the S-wave velocity estimation. S-wave velocity updates can be derived from the adjoint-state method and the inverse problem is efficiently solved using the lBFGS optimization method. Both synthetic and field data examples verify the effectiveness of the proposed method and also reveal some of its limitations. One possible limitation of the approach is the reduced lateral resolution after stacking. On the other hand, the lateral resolution can be improved by using multiple shot recordings.
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9 The seismic survey line across the fault area (Hanafy et al., 2015) .
10 Common shot gathers and their dispersion spectra. a) One example raw shot gather and b) preprocessed one. c) and d) are dispersion spectra from a) and b), respectively. The pink contour isolate the dominant modes of Rayleigh waves.
11 The initial S-wave velocity a) and the estimated one b). The initial S-wave velocity can be roughly determined using the range of velocities in the f − v spectrum (Figure 10d ).
12 Data comparison. a) and b) are simulated shot gather using the initial and inverted velocities. c) and d) are the corresponding dispersion spectra. The pink contour indicates the area of dominant modes existing in the observed data.
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209x198mm (300 x 300 DPI)
Page 32 of 33 GEOPHYSICS   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 This paper presented here as accepted for publication in Geophysics prior to copyediting and composition.
© 2019 Society of Exploration Geophysicists. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. © 2019 Society of Exploration Geophysicists. 
